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Abstract. On the basis of the generalized invariant formulation, the invariant-related unitary transfor-
mation method is used to study the evolution of a quantum Dirac field in Friedmann—Robertson—Walker
spatially flat space-times. We first solve the functional Schrédinger equation for a free Dirac field and
obtain the exact solutions. We then investigate the way of extending the method to treat the case in which
there is an interaction between the Dirac field and a scalar field.

1 Introduction

There has been a sustained effort to study the dynamics of
the quantum scalar field in Friedmann—Robertson—Walker
(FRW) flat space-times because of its intimate connection
with various problems in modern cosmology (see [1] and
references therein). The quantum Dirac field dynamics in
FRW flat space-times is also relevant to some of the cos-
mological problems, such as that of the decay into Dirac
particles by scalar particles produced at the preheating
stage in inflationary cosmology [4].

In order to study this decay of scalar particles into
Dirac particles at the preheating stage, the dynamics of
a Dirac field interacting with a scalar field in FRW flat
space-times should be investigated. There are many stan-
dard calculations concerning the dynamics of the Dirac
fields in curved space [3,5,2,6], but to our knowledge, no
one has ever given a general formulation in the literature
for the treatment of a quantum Dirac field interacting with
a quantum scalar field in FRW flat space-times. It is the
purpose of this paper to develop such a general formula-
tion.

The Hamiltonian for a quantum Dirac field in FRW flat
space-times has explicit time dependence. The Schrodinger
picture of quantum field theory affords a relatively clear
viewpoint from which to understand many important as-
pects of the quantum fields with time-dependent Hamil-
tonians and has been developed with some success in re-
cent years [1,7-13]. In this paper, we will work in the
Schrédinger picture and use the quantum-invariant the-
ory to study a Dirac field interacting with a scalar field in
FRW flat space-times.

The quantum-invariant theory was first proposed by
Lewis and Riesenfeld [14] and then generalized by us [15].
On the basis of this generalized formulation, the invariant-
related unitary transformation method was developed and

used to treat some time-dependent quantum scalar fields
and Dirac fields [11,12,16]. In [11], we obtained the com-
plete set of the exact solutions of the time-dependent func-
tional Schrodinger equation for the free scalar field in
FRW space-times; with the help of the complete set of the
exact solutions, we found a way of extending the formula-
tion to treat the case in which there is an interaction; in
[12], we treated a quantum Dirac field in a time-dependent
homogeneous electric field. In the present paper, we will
use the formulation to do the same thing for the Dirac field
interacting with a scalar field in FRW flat space-times.

The present paper is organized as follows. In Sect. 2,
the invariant-related unitary transformation method is
used to obtain the complete set of the exact solutions
of the time-dependent functional Schrédinger equation for
the free Dirac field in FRW flat space-times. In Sect. 3, the
complete set obtained in Sect. 2 is used to treat the Dirac
field interacting with a scalar field. In Sect. 4, there are
some concluding remarks. Finally, in Appendix Appendix
A., we briefly review the invariant formulation and the
invariant-related unitary transformation method, and in
Appendix Appendix B., we present the auxiliary equations
which are much more complicated than that obtained in
[11] and can only be solved numerically.

2 Evolution of a free quantum Dirac field
in FRW spatially flat space-times

The (143)-dimensional FRW flat metric is of the form

dr? = g, dz"da” (u,v=0,1,2,3), (2.1)
goo = 1791] = _0’2 (t) 51] (’Laj = 17273)a
where dz® = dt,dz? is the contravariant 3-dimensional

vector, and a (t) is the cosmic-scale factor. The Hubble
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parameter is defined to be
(2.2)

A free Dirac field ¢ of mass m propagating in (1 + 3)-
dimensional FRW flat space-times is described classically
by the action (h =c=1)

S = /d1+3xL (2.3)
with
L(z) =[-g(t)? (2.4)
x{;L“a 1T = (9,0) ] - mi |
and

[—g ()] = [|det (.7 = [a (1))

_ I 0 o 0 O
Yo = 0—1I ) Ve = 70_k0 )

k=1,2,3

(2.5)

in which oy, are the Pauli spin matrices, and L, (1,0 =
0,1,2,3) is the vierbein field:

b (b, ). 26
L, "Lya = guv,
Lol =nw=(1,-1,-1,-1),
and
V= (a# + iBu) ¥, V;ﬂl? = aul/; - ii/;Bw (2.7)

B,, being the spinor connection. The spinor connection is
defined by

1
B, = ZL[,.chjmam (2.8)
B _ B8 B rTa
Le, =0,L°, +T15,L%,
i a C
=5 0%

in which I /fa is the affine connection and can be obtained

from the metric g,,. We calculate the spinor connection
B,, and obtain

Bo=0 (2.9)
Bi = O'Oid
Substitution of (2.5) and (2.7) into (2.5) leads to

(NI

L(z) = [=g(t)]

{30 [ (5 +00)

+Hia™t (t) (710, + Y20y + v30;) — m] Y (x,t) }

(2.10)
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where 2 ( )
u(t) = 3 o) (2.11)
P =9t y.

By making use of (2.11), it is easy to obtain the canonical
momentum density 7,

=ia® (t) 7. (2.12)

To quantize this field, equal-time anticommutation rela-
tions are introduced among the operators @ and

[ (@.1) 75 (&,0)] | = i6ad (7~ 7)

|00 @0),95(F.0)] =0,

+

(2.13)
, T3 (f’,t)]_,r =0.
We choose to work within the functional Schrédinger pic-
ture [7-12]. From (2.11) and (2.12), we get the quan-

tum time-dependent Hamiltonian for the system in the
Schrodinger picture,

H(t) = /{fr(gz',to) [—a_l (t) ai%

—ifm +u (t)- ¥ (Z, to)} a*z (2.14)

= /{a3 (to) ¥ (Z, to) {ial (t) ai%
- ) (Z, to)} 4>z

+ Bm + iu (t)
L OO'Z'
Q; = o 0 3
B = 0.

Because the spatial sections are flat, we can employ the
momentum representation for the operators [9],

(Z,to) ;/ %
by (P ue (67 4 dF () e ()7
;/ 3\/> (P) @s () yoe 7
"‘ds () vs (P) 70615‘5}

where EP = \/ |ﬁ12 + m2a Us (ﬁ) » Us (ﬁ) ,17,5 (ﬁ) 7’68 (ﬁ) are
the spinors defined in [17], bt (p) (Bg (ﬁ)) is the creation

(annihilation) operator of an “electron” with momentum

where

(2.15)

(2.16)

7 and spin s, and di (p) (CZS (ﬁ)) is the creation (annihila-

tion) operator of a “positron” with p'and s. It follows from
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(2.13) that creation and annihilation operators satisfy the
anticommutation relations

b (.55 ()] | = alto) ™ 8 (7~ 7).

(). d5 ()] = alto)*0wd (- P)  (217)
(b )b ()], = [d (7). )],

= [dr @.d @], =0
b (@45 )] = [b3 @) d5 ()

= [be ). de )],

= [t @.do )] =0.

Inserting (2.17) in (2.14), we get

- | daﬁ{z (B0 ()57 b. — B (1) dud? ]
+s
A1 () bEdt, + X (1) bF dF

—s =8

+)‘4 (t) Btsdis + /\T (t) Cz+sl;+s + /\; (t) Cz—si)—s

A3 (t) bf dt

s§7—s

+/\§ (t) CZ—SB-&-S + AZ (t) Ci—&-si)—s } (218>

(2.19)

The time-dependent functional Schrédinger equation for
the system is

i W [y (9);t] = H ()W [¢ ()] (2.20)

It is easy to show that there exists an invariant (t) sat-
isfying

oI (t) . . B
—&——1P@%H@ﬂ_0 (2.21)
which is found to be
P =3 [ @5 [B: 5.0 B. 5
+s
D, (5,t) D7 (7.1)] (2:22)
where
By (p,t) = [cos 0y cos 0y cos g (2.23)

529

+ sin # sin A3 sin 66671(¢1+¢3+¢6):| l;+s ()
+ [cos 0 sin 0 sin O5e'(P21+95)

— sin 6, cos 03 cos 95e_i¢1] b, (P,

+ [cos 64 sin 65 cos 05ei‘152

+ sin 6, cos 03 sin 05e*i(¢1+¢5)} Jis ()

— [cos 61 cos 05 sin Oge %6

— sin #; sin @5 cos 0667i(¢1+¢3):| d*, (p),

B_; (13'7 t) = - {COS 01 sin 03 sin 96e—i(¢3+¢6)

— sin 6, cos 05 cos 068i¢1} Z;+S ()
+ [cos 61 cos B3 cos 05

+ sin A1 cos 65 cos 95ei(¢1+¢2+¢5)} b, ()
- [COS 0, cos O3 sin fze 1%
— sin 6 sin 6 cos 05ei(¢1+¢2)} CZL (P)
— [cos 0 sin 03 cos fge 1?3
+sin 0 cos 05 sin Qgei(“bl_‘%)] cifs (P,
DY, (p,t) = [cos 04 cos O3 sin Oge'?®
+ sin 04 sin 05 cos 96e_i(¢2+¢4)} 3+S (D)
+ [cos 6, sin O3 cos 5?3
— sin 6,4 cos 05 sin 05e*i(¢4*¢5)} 3_3 )
- [cos 0, sin 3 sin fe! (P2~ %5)

+ sin @4 cos 05 cos 05e*i¢4] cﬁs ()
— [cos 04 cos 05 cos g

— sin @ sin 6 sin GGe_i(¢2+¢4+¢G)} dt, (@,

ﬁis (p,t) = — [cos 0 sin O cos ge '

— sin 04 cos 03 sin 9Gei(¢4+¢6)] bes (P)

+ [cos 0, cos 0 sin 5l

4+ sin @4 sin 03 cos 95ei(¢3+¢4)] b (P

+ [cos 04 cos B cos 05

— sin 04 sin 65 sin 95ei(¢3+¢4*¢5)] dis (P

+ [cos 0, sin 0y sin fge 1 (#2F0)

+ sin 04 cos 05 cos fge' | d*, (p),

and 0., o, (m =1,2,...,6) are the real solutions of the
auxiliary equations (see Appendix Appendix B.). It is easy
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to show that the operators BY (p,t), B, (5,t), D (p,t),

D, (P, t) satisfy the equal-time anticommutation relations

a(to)” 7))

=a (tO)_3 050 (P =)

% 6450 (7 — (2.24)

According to the invariant-related unitary transforma-
tion method (see Appendix Appendix A.), the unitary

transformation V () can be constructed:
V() =Vs(t)Va(t) Vi (D),
V(0 = exp [ 5’ (t)

X [(—Gle_i‘mlﬁsl},s + Hlewll;fslA)Jrs)

(2.25)

+ (—94671(#4 Ci+sdAJ_FS + 04! ‘z*sdisﬂ )
% (t) = exp [ @5 (1)

X [(702671(?2518418 + 02ei¢2d+sl;+s>

(=050 bE d", + Bsed b )|
a(t) = exp [ 5’ (t)

X [(—95e_i¢55fscﬁs + 95ei¢5dA+sl;,S)

+ (—HGe’i(bGl;iscifs + Hﬁei%dﬂ&rs)] ,

where, for simplicity, the argument 7 of b}, by, d},d, is
omitted. With the help of (2.17), it is easy to show that the

V (t) in (2.25) transforms I (t) into the time-independent
Iy :
Iy =VT@I@)V(@) (2.26)
=Y [ @[5t @b @)+ d. )45 ).
+s
According to (A7), Hy (t) is defined as
. . - V(¢
iy (1) = V@) ) 7 (1) - 17 () 22 a.m)
/dBﬁHO b, )a
in which the first term is easily obtained:
V0ROV ) = [E5[ald 005 35 ()
+s
+89 (.0 d, P dE )] (2:29)
with
o] (p.t) = sin® 6" (p.1) + cos” 0o (1) (2:29)
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— sin 26 _Xéd p,t) cos d)ﬁ_ ,

(d) s (p,t) = sin? 05ng) (p,t) + cos? Gsxéd)
—sin 205 |y p,t)cos ¢s |,

+5in 205 [ p.t)cos s,
ﬂ(_ds) (p,t) = sin? Hﬁxf}d) (p,t) 4 cos? nggd) (p,t)

+ sin 26g Vxéd)

(
)
(

B (p.t) = sin? 055" (p, 1) + cos® 055" (p, 1)
(
)
(

D, t) COs ¢6 B

where X( ) (p,t),(m=1,2,...,8) can be found from Ap-
pendix Appendix B.. By means of the Baker-Hausdorf—
Campbell formula [18] and (2.17), the second term in
(2.27) can be calculated:

i (e - [ &5[al 006 @5 )
+8 (p.t) dy () d @7] . (2:30)
with
agfs) (p,t) = sin HGX(Q) (p,t) + cos? nggg) (p,t) (2.31)

— sin 26 [Xég) (p,t) sin ¢g + Xég) (p,t) cos ¢6}

7@%6 sin 06,

(9) (9) (p,

a (pt) = sin® fs x5
— sin 205 [Xs 9 (p,t)sin ¢ + v\ (p, )COS¢5:|
— 5 sin 05,
0 (p,1) = sin® 055" (p, ) + cos” B5x5” (1)
+ sin 205 [Xég) (p,t)sin g5 + ng) (p,t) cos ¢5}
—¢5 sin s,
BY) (p,1) = sin? 06X\ (p,1) + cos? Ooxt” (p,1)
+ sin 204 [ (9) (p,t) sin ¢g + X(g) (p,t) cos gf)g}

—qz'SG sin fg,

£) + cos? 05 x5 (p, 1)

where X(Q) (p,t),(m=1,2,...,8) can be found from Ap-
pendix Appendix B.. It is clearly seen from (2.28,2.30)
that for each mode ' in the p space, Ho (p,t) differs from
Iv (7) only by a multiplying c-number factor depending on
the time ¢ and p = |p]. Iy is time-independent and can be
regarded in the discrete notation as a sum of terms each of
which has the form of the Hamiltonian for a simple Fermi
oscillator of frequency 1. The solutions to the oscillator
eigenvalue problem for p7, po, . .. modes may be character-
ized by integers ni,na, ... (n1,ng,... =0,1). The ground
state of Iy () is denoted by |0) and satisfies

l;s ﬁ 1 l;ms |O> = O,

ms |0> = 07

~—
~—
=
=2
Il

(2.32)

>
>
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By makmg use of the ground state |O> and the raising
operators b (Fp) = b, dT (Fm) = dms7 we obtain the
N-particle excited eigenstate |N) of Iy (with the particle
number operators being defined to be 7, = lA)j,'wlA)ms,
ﬁmds = Czr—tls(im57 Nbs = Z ﬁmbaNds = E ﬁmds):

m m

|Nbs> = |n1b57n2bsa cee (nlbs + Nops + ... = Nbs)> (233)

~ Nmbs
=TI 52 G| ™ 10).
|Nas) = |n1ds, Nads, - - - (N1ds + Nads + - - -
~ MNmbs

(nmb57 Nimds = 07 1) 5

= Nd5)>

which satisfies

Iy |Nbs, Nas) p, =

(NbJrs + Np—s + Nd+s + Ndfs> |NbsaNdS>]V ; (234)

for convenience, we define |NbS,NdS>IV = |Npys) [No—s)
[Ngts) |[Na—s). According to (A9), the solutions
|Nis, Nas,t)g, of the time-dependent functional

Schrodinger equation (associated with Hy (t) ) are

|Nb5aNd57 S0 — = exp [ Zﬂbs ] exp [lzﬁda (t)‘|
+s

X |NbS7NdS>IV s (235)
t A
Ipe = — / (Nys| Fo () | Nos) A’
to
_ /<Nbs\0+<> o ()0 (1)
to
- ou (')
_FT (4 /
U () 5 Vi) dt
t
:—anb/ {agd) (P, ') + al? (pm,t')| dt,
m to

t
Vas = —/ (Nas| Ho (t') | Ngs) dt/

to
= [ Nl 0 ) o @) 00
to
N , 6U(t’) ’
—iUut (t) ot |Nds>dt
- _ t D (pp, ') + B9 ( t’)}dt’
- 2m:nmcls /to [ﬁs s \Pm; ’

in which d (t) ,¥4s (t) are the total phases, including the
dynamical phases and geometrical phases. From (A6) in
Appendix Appendix B. and (2.35), the particular exact so-
lutions of the time-dependent Schrédinger equation (2.20)
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Fig. 1. The time and h (Hubble parameter) dependence of the
expectation value (n (p,s)) of the particle number 7 (7,s) =
Mpts + No—s + Ratrs + Nq—s for the state Wy (t)),. For the
purpose of illustration, a (¢) is taken to be of the form a (t) =
e"t b = constant, the particle mass m = 1, and the particle
momentum p, =p, =p. =1

[associated with H (t)] can be found to be

N Vo, (D)5 = V (1) [Nos, Nass 1) 0 (2.36)
= exp [izﬁbs (t)| exp [ Zﬁds t) [Nys, Nas) 1,
+s

I i
+s

where |Nps, Ngs,t); are the eigenstates of the invariant
I (t) with particle number (Npys + Ny—s + Nggs + Na—s).
The particular exact solutions in (2.36) for all possible nps
and ngs constitute a complete set; this means that the
general exact solution of the time-dependent Schrodinger
equation (2.20) is a superposition of the particular solu-
tions in (2.36):

|W (t)>S = Z CNbsNdé €xXp [ Zﬂbs ]

NpsNas

X exp Zﬂds 1 |Nbs, Ny, ), (2.37)
CNbsNds = <NbSaNds;0|!p( )>S

It is worthwhile to point out that the auxiliary equa-
tions obtained in the present paper for the Dirac field
are much more complicated than that for a scalar field
in [11] and can only be solved numerically. As an illus-
tration, we calculate the time dependence of the expec-
tation value, denoted by (7 (p, s)),, of the particle num-
ber 7 (p,s) = fprs + Ap—s + Ngas + Ng—s for the state
[¥0,0 (1)), which is the ground state at ¢ = ¢y correspond-
ing to (f (p,s)),, = 0. Thus, the (7 (p,s)), represents the
particle creation. The result of the calculation is shown in
Fig. 1.



532 X.-C. Gao et al.: Quantum-invariant theory

3 The case in which there is an interaction
between the Dirac field and a scalar field

In this section, we study the way of extending the formu-
lation to treat the case in which there is an interaction
between the Dirac field and a scalar field. As in the time-
independent quantum field theory, we first try to find the
solutions for the free Dirac field with external Dirac spinor
sources ( (#,t); the solutions can then be used to obtain
the solutions for the system with an interaction between
the Dirac field and a scalar field.

The classical Lagrangian density L for the free Dirac
field with external Dirac spinor sources ¢ (Z,t) and ¢ (&, t)
is

L) = g @} {5 [io (5 +u0)
+ia"t () V; — m] P (f)} (3.1)

[N

+=g )7 [C (@ )Y (@) + ¥ () ¢ (@, 1)]

where the chosen external Dirac spinor sources ¢ (Z,t) and
¢ (#,t) can be expressed as

Cs Us —irE
=% / \f ) s () e
iz (7, ><+ ws (@ew] (3.2)
;/  (9) s (7) P

L (7. ><s<mvsmelw],

in which I (p,t) are time-dependent ¢ numbers and (, (p)
are Granssmann numbers. The quantum Hamiltonian
H¢ (t) for this free Dirac field is

fﬂw:/h%Q]&wufm@@+w@@w
+s
+CH (B t) bs + G (1) dF +dCF (Po)]
+A1(t Z;iscﬁrrs + A2 ( )b+ d+ + A3 (t)l;

( ) §7—s8 Sdfs
A4 (t) l;fsciis + Xf (t) d+sb+s + )‘3 (t) CLSIALS
+A5 (1) (33

t dA—slA7+s + )‘Z (t) Ci+sl;—s}a : )
in which C (p,¢) = I, (1) G (), Ii (9,1) = a® () Ls (p1)
and Ej (t), Eq (t) , A, (t) are defined in (2.19). The corre-
sponding invariant I (t) and the unitary transformation

Ve (t) are

+

where

B+s (ﬁa t) =

cos 071 cos 65 cos g

+ sin 6y sin 03 sin 96e_i(¢1+¢3+¢6)} (3.5)

X EH + pie

pze Vs (T 4 ppre C—s:|

vy Cis + MQQ_iUQ C+S

+| cos 0y sin B, sin G5e' (P2 95)
— sin 6 cos 03 cos 95e—i¢1}

X |b_s + poe 2 CF + pioe 10,

+pge” Ve CIS + pioe iz Cﬂ}

+ | cos 0, sin 6, cos O5¢'?2

+sin fy cos O sin e5e—i<¢1+¢s>}

iv

X Jis + pse s Cis + page™ie (g

+ 7€V CH 4 pyselVis <5:|

— | cos 61 cos B sin Oge %6

— sin 64 sin 03 cos 96e—i(¢1+¢3)}
X Jirs + M6eiv6 Cirs + u14ei”14 (s

+uge™s (T, + N16eiv“3§+s} ;

— | cos 04 sin A3 sin 066_i(¢3+¢6)
— sin 01 cos 03 cos Gﬁewl]
X i)-‘rs + Mle*ivl Cj_‘s + Mgefivg <+s

+uze” Vs CE, + e n Csjl

+ | cos 01 cos 03 cos 05

+ sin 0 cos 65 cos 05ei(¢1 +¢2+¢5)]

X b + pae™ 2 CF, + pioe M0 (g



X.-C. Gao et al.: Quantum-invariant theory 533

Fpae (T, + pageT M2 C+s:| +uge™’s (T + pagee C+s} ;

— | cos 0 cos B3 sin 56195

N : _ig
— sin 6, sin B, cos B5el(#1 +¢2)} DI, (p,t) = cos )4 sin 0 cos Oge ™2
[~ ~ . —sin 04 cos O3 sin GGei(¢4+¢6)]
X | + pse™s CFy + pzelis (o

. . [; —iv, ~+ —iv,
+ure ¢l + M1591U15C5:| X0 e (s poe "0 Cis

+pge s+ ppem C—s]

— | cos 6 sin 05 cos Oge 1?3

+ | cos 04 cos s sin B5e'?5

+ sin 07 cos By sin Ogel (1 ¢6)]

5 ; : + sin A4 sin 63 cos 0 ei(¢3+¢4)]
* [dts + pees (g + prae™a g °

. . X |b_y + proe 2 ¢ 4 pyge V0 ¢
+//‘8€w8 er-s _|_ /-1/1661U16C+s:| ) | s s S
+N4eiiv4 C-—:-_b + ﬂlZeiivm C-&-s]

= [COS 0, cos O3 sin el r
+ | cos 84 cos 05 cos 05

— sin 04 sin #3 sin 95ei(¢3+¢4_¢5)}

X 8-5—8 + e er_s + pge "o Cs M. ) .
B X dis + /~L5ew5 CIS + ,11,136“)13C+S

+puze” Vs (E, + e n Cs]

+ sin @y sin 0 cos fge ™! ¢2+¢4)]

+M7eiv7 Ci_s + Mlseiv“” C—s]

+ | cos 04 sin B5 cos B5¢'%3 r
- + | cos 04 sin By sin fge (#2126

— sin 04 cos 05 sin 05ei(¢4¢5)} L

X b 4 poe™ 2 ¢F, + e M0 " . ,
i X |dF, + peee ¢t 4 page™a (g

+pae” M + pge 2 C+s] i

+ sin 04 cos 03 cos 96€i¢4:|

+pgels CF + pgee C+s] ;

— | cos 6, sin 0 sin O5e'(?3—5)

L and
+ sin 4 cos 05 cos 0 ei¢4] A A

AT Q1) = Q1 (1) Q2 () Q3 (t) Qa () (3.6)

|t + s s CE, + prac™is Gy Qi () = e [ 5 (1)
+ureCE, + pise™s CS] X { {_Bis (e Cys 4 poe 0 ()

- + (,U 1 C—',—s + ,UQC QC-&-S) b-&-S}
— | cos 84 cos 03 cos Og

- + { +s MSe ws(:+s + pryze” s C+ )
_q H 3 —i(p2+patds) R

S 04 Sin 02 S 966 :| + (/1’5elv5 C—‘,—s + MlSewlS CJF ) d+s:| } ,

x |dt + pee™o (T, + paetia (g Qs (t) = exp/d3ﬁa3 (to)
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X {[ (p2e™ 2 ¢ + page 0 CH))
(M2e V2 (g + proe0 () b }
-
(

T, (nee e (_s + praeM1s(h))

it

+
+
+

o (T, + pgeia )

[©]

X

o (uae s (g + pe ™1 (T,

e
Qu(t) = exp [ '’

{[-0t
(se™™sC*, + pae™ ) b |
=%, (e e ™o )
(7€ ¢t 4 pige®is ¢ ) cf+s]},
Qi) = e [ 5 (1)

. { [_i’ts (Hae™"4 Cos + paae ™12 ()

+
+
_|_

paea g+ pioe™2 ¢y ) 75}
—iv4 C»_—:_-S)
8C+s + /”'lﬁe Y16 C—‘rs) —s:| } 5

US C—&-s + H16€

+
{ Hse
+ (nse

where p;,v;, (1 =1,2,...,16) are the solutions of the aux-
iliary equations (see Appendix Appendix B.).

The unitary transformation VC (t) transforms I (t)
and H, (t) into Iy and Heo (),

fve = V@0 L (0 Ve ()

Heo (t) = He () Ve (t) — avgit(t)

= HO (t) + /dgﬁ [Z aSC:Qs’ + alcjrrsgfs
+s

(3.7)

V) V)

+ aictsg-i-s + GQCj-_sCi_s + a;C—SC-&-S] )

where Hy (t) can be found from (2.27) and

ays = By (0 — p3) + 2 (fripa — fropo)
—Eq (13 — 1¥3) + 2 (jisps — fr13p13)
+Ey (13 — 135) + 2 (ftapia — fr12p12)
—Eaq (13 — 1¥s) + 2 (jisps — fr16p16)
+2 [/ 4 (11 cos vy — pu5 cos vs)
—1Uly g (p1 sinvy — ps sinvs)]
+2X1 [u1p13 cos (v1 + v13) — ps g €os (vs + vg)]
+2Xg [ptapir6 cos (va + vi6) — pgpri2 cos (Vs + vi2)]
+2p1 116 [A3r cos (v1 4 v16) — Ag; sin (v1 + v16)]
—2ugttg [Agr cos (vg + vg) — Ag; sin (vg + vg))
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+2p144113 [Aar cos (v4 + v13) —
—2p5 112 [Aar €08 (V5 + vi2) —

Agi sin (vg + v13)]
A4 sin (vs + v12)],

a—s = By (15 — p1y) + 2 (f3ps — fa1pnn)
—Eq (1§ — pis) + 2 (fips — frapaa)
+Ey (13 — 1130) + 2 (fi2p12 — f0410)

—Eq (1 — pis) + 2 (firpr — f115p15)

d

[ (13 cosvs — 7 cos vy)

—l_si (/.L3 sinvs — pu7 Sin v7)]

+2X1 [pape1s cos (vs + vis) — prpar €os (v7 + v1y)]
+2X2 [p2pt14 cos (V2 + v14) — pe 10 €OS (Vg + v10)]
+203 114 [A3r cos (V3 + v14) — Ag; sin (v3 + v14)]
—2ugp11 [Asr cos (vg + v11) — Az; sin (vg + v11)]
+2u0p15 [Agr cos (V2 + v15) — Ag; sin (v2 + v15)]
—2p7 110 [Aar €0 (V7 + v10) — Ag; sin (v7 + v10)],

i(v1+v3) _ 7i(’U97v11)

ay = Ep [HlﬂSe Hoft11€

+M2M4ei(v2_v4) _ HlOHlQe_i(vlo_vl2):|
—E, [M5u7ei(v5—v7) _ M13u1se_i(”13_“15)
Jr,uapgei(vefvs) _ ,LL16/1414671(’U167’UI4):|

7i’L)6

1 e + 1y paoe 0 =11 pse’® — 1y pge
+2A1 [p1p15 cos (v1 + v15) — pspa1 cos (Vs + v11)]
+2X2 [ptapt14 cos (vg + v14) — piops cos (Vi + vs)]

+2p1 14 [A3r €08 (V1 4 v14) — Ag; sin (v1 + v14)]
—2p111 8 [Agr cos (v11 + vg) — Az; sin (v11 + vg)]
+2p4p115 [Agr €08 (Vg 4 v15) — Ag; sin (vg + v15)]
—2/15 110 [Aar €0 (v5 + v10) — Agg sin (vs + v10)],

i(’UlJrl)ll) 7i(’l}97v3)

as = Ey [MMHE — pgp3e

+propgel V107U M2M12€i(”27”12)}

i(vs—wv1s) —i(viz—wvr)

—Eqg [M5M158 — pi3pre

_|_M14luse*i(v14*vs) _ MlﬁﬂGeii(vmivﬁ)}
Hygpare™ O 1 g

—1L 12" — 1 py5e™1

+2A1 [ p7 cos (v1 + vr7) — ps s cos (vs + v3)]
+2Xg [1apie cos (vg + vg) — prapig cos (v + vs)]
+2p1 g [Azr cos (v1 4 vg) — Ag; sin (v1 + vg)]
—2u3 s [Agr cos (vs + vg) — Az; sin (vs + vg)]
+2p2 1115 [Aar cos (V2 + v15) — Ag; sin (v2 + v15)]
—2U7 10 [)\47" coSs (’07 + 7)10) — Ay; Sin (’U7 + ’1}10)] .

Then, in the same way as in Sect. 2, the corresponding
solutions of the time-dependent functional Schrodinger
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equation (associated with H, (t)) can be found to be

PN (8) g = YNy Nawic (D) g
= Ve (t) [Nos, Nas; t) ¢ 0

= exp i;ﬂbs ()| exp iZﬁds ()

x e)q:) [wsc (t)] Vc_(t) \Nb_s, Nas)r, -

i) s () | exp Zﬁds
e 10 ()] [N, N >I< ,

Unyc [¥, 1] = (W[Pnic (8))

where |Nps, Ngs; ) I are the eigenstates of the invariant

fg (t) in (3.7), which are calculated as in Sect. 2; U5 (%)
and ¥4 () can be found from (2.35); and

t
t) = /dgﬁ/ dt’ [Z QSCst + alC-—:—_sC—s + aTCisC+s
to +s

+a’2<iscirs + a§<*8<+s ‘|

(3.9)

= exp

Now we proceed to find the solutions of the time-
dependent Schrodinger equation for the system with an
interaction between the Dirac field and a scalar field. The
classical Lagrangian density Lé? can be written as

LZ’} =L¢+Ly+ Ly, (3.11)
L= <>1%{¢—a (6199
I @010 - ot + a0 T @
ot s (o]
os-n])
+[-g (t)]f C@ow+dc@s],
Ly =~ [~g ()} 30,

where Lj; can be found from [11]. The solutions

LD}\C,AC s, ¢:t] of the time-dependent Schrodinger equa-
tion associated with the Hamiltonian H gf‘] corresponding

to Lf 7y can be written as

UL s 11031 = (0, 0008 e () (3.12)

= /D¢0D1/J0 <¢»¢|U¢<J(t,to) [0, do)
X (0, $o|¥n, ;¢ (to) , ¥ny:a (to))

where W, (to) , Nyt (o)) = [Unyic (f)) [¥n,.g (o)) s
the initial condition, and |¥n,,c (o)) and |¥n,.s (to)) are
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(3.10)
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defined in (3.9) and [11], respectively. (A]Cfﬁ (t,t0) is the
time-evolution operator for the system with the Hamilto-

nian H g)“] corresponding to Lg ’\J, and

(W, ¢| Ugf} (t,t0) |10, Po) can be calculated by path-integral
approach,

<w7 ¢| U(fi\] (ta tO) |¢07 ¢0>
:/D¢1...Dqsanl...Dwnszg...Dwg

xexp[/d3~/t AL (0,0, .t )]

= exp{ - /d?’f/to dt’ [a® (t') f
5

@ () 0C+ (Z,1) a3 (¢) 6 (7, 1) @@ (') oC (Z, )

5 ! .
41 [(ﬁ(t/)&](ft/)] } (¥, 0| Uc.s (t,t0) [0, do)

(3.13)

—ia® (t)

where Ue s (t,t9) = Pexp [—iffch ") dt’} is the time-
evolution operator for the free Dirac field and scalar field
with external sources. Using (3.12) and (3.13), we obtain

e s [, 631 —eXp{ /d3“/ dt’ [a® (t')

5
a® (') 6¢t (z,t') a® (') 5J (2, 1) a® (') 5< (2, 1)
A b ‘
4! LB (t") 0 (&, t/)}

XUn;g [@3t] Unic [¥3t]

where Wy, [1);t] can be found from (3.9) and W, s [¢;1]
can be found from [11]. (3.14) can be employed as a start-
ing point for the perturbative calculation of
WN)‘C 0.7=0 [¥, 3 t] when the parameters f and A are small.

—ia® (1)

(3.14)

4 Concluding remarks

In this paper:

1. We have obtained all the excited-state as well as the
ground-state solutions of the time-dependent functional
Schrodinger equation (2.20). These solutions are also
the eigenfunctions of I (t) and constitute a complete
set of solutions. It is this set that can be used to treat
the case in which the Dirac field is coupled to a scalar
field. Note that even when we choose H (t = tg) as Iy,
the ground-state solution is the ground eigenstate of
the Hamiltonian H (t) only at ¢t = tg, so that, in gen-
eral, the term “ground-state” is without the meaning
that it has in the case in which the Hamiltonian is
time-independent.
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2. It can be shown that b} () ,bs (§),ds (), and ds (P)
in (2.17) and the quantum Hamiltonian H (t) in (2.18)
constitute a quasialgebra [19]. It is this algebra that
makes it possible to find the unitary transformation
V (t) in (2.26). For other Hamiltonians, it is also nec-
essary to study whether or not there exists such a
quasialgebra in order to obtain the corresponding uni-
tary transformation.

3. It is worthwhile to point out that the invariant-related
unitary transformation (2.25) is a special kind of the
Bogoliubov transformation (the invariant-related Bo-
goliubov transformation) and can be used in the
Schrédinger picture quantum field theory to obtain
the solutions of (2.17) on the basis of the quantum-
invariant theory and to construct the generalized par-
ticle number operators, as well as the generalized anni-
hilation and creation operators that are all invariants,
and can be employed to generate all solutions of the
time-dependent functional Schrédinger equation (2.17)
from the ground-state solution [Wo ¢ (t)) g of it [11,12];
it is thus especially useful and different from the Bo-
goliubov transformation used in [3,4].

4. With the help of (3.14), we can carry out a variety of
perturbative calculations to any desired order. In these
calculations, one is bound to encounter divergences
and has to develop some regularization and renormal-
ization procedures; these deserve further exploration.

5. From the invariant formulation, briefly presented in
Appendix Appendix A., it is easy to see the fact that
the time-evolution operator U (t) associated with the
Schro-
dinger equation (A3) can be obtained from the
invariant-related unitary transformation V (t) and the
time-evolution operator Uy (t) associated with the
Schrodinger equation (A8), and that the latter is very
easy to obtain. This fact applies, of course, to the case
discussed in Sect. 2. This is to say that we can obtain
the time-evolution operator associated with the func-
tional Schrodinger equation (2.20) from the invariant-
related unitary transformation V (¢) in (2.26).

If the scalar field ¢ in the interaction term )
in Sect. 3 is replaced by a mean field (¢) (depending
only on time), the case considered in Sect. 3 is reduced
to a free Dirac field case, which can be solved exactly
as in Sect. 2 to obtain the mean-field approximation
Uf; 7 (t,t0) of the time-evolution operator for the Dirac
field interacting with a scalar field. Using the method
in [11], we can also get the mean-field approximation
U 7 (t,t0) of the time-evolution operator for the scalar
field if the self-interaction term (\/4!)¢* is replaced by
its mean-field approximation as the authors did in [1].
The mean-field approximation of the time-evolution
operator for the Dirac interacting with a scalar field is

therefore obtained to be Uf:f]‘c = U,,{Lf (t,t0) Uvi‘lf (t,to).
X

It is easily seen that, with the help of Urfnf (t,to),
one can carry out the same sort of calculation in the
nonperturbative Hartree approximation for a quantum
Dirac field interacting with a scalar field in FRW space-
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times, just as the authors did in [1] for a quantum
scalar field with a self-interaction in a collisionless ap-
proximation. Work in this direction is under investiga-
tion.

Acknowledgements. Project 19775040 was supported by the
National Natural Science Foundation of China and by the Zhe-
jiang Provincial Natural Science Foundation of China.

Appendix A. The invariant-related unitary
transformation method

We briefly review the invariant-related unitary transfor-
mation method. Consider a one-dimensional system whose
Hamiltonian H (t) is time-dependent. A Hermitian oper-
ator I (t) is called an invariant if it satisfies

AL(t)  (iNTs, 2ol
S - (h) [I (t) ,H(t)} —0. (A1)
The eigenvalue equation of I () can be written as
f (t) |An7t> = |An7t> ) (AQ)
M
o

and the time-dependent Schrodinger equation for the sys-

tem is
SO0 (t)s 4
lhiat S =H(t)|¥(t)g-

According to the Lewis—Riesenfeld quantum-invariant the-
ory [14], the particular solution |\, t) ¢ of (A3) is different

from the eigenfunction |\, ) of I (t) only by a phase fac-
tor exp [igy, (t)]; that is,

[Anst)g = exp[ign (D)} [An, 1) -

Then the general solution of the Schrodinger equation
(A3) can be shown to be

() =3 Cuexplign (0] [ A1)

(A3)

(A4)

(A5)

where ¢, (1) = [0 (Ao, |10/ — H (') /| An, t) dt’,
Cr = (M, 0l (0)) g, [ Ay t) g (n=1,2,...) are said to form
a complete set of the solutions of (A3). Note that gener-
ally, I (t) is not unique, and the complete set changes as
the choice of I (t) changes.

In [15], we generalized the Lewis-Riesenfeld-invariant
theory and established the facts: (i) the formal solution of
(A1) is I(t) = U@I©0)UT(t), where U(t) =
Pexp [(*1/71) fot H () dt’} is the time-evolution operator
for the system, and I (0) can be arbitrarily chosen so
that I (£) may be Hermitian or non-Hermitian; (i) there
are two basic invariants, Z (t) = U (t) 2U™ (t) and p (t) =

U (t)pUT (t); any invariant I (t) = U (t) 1 (0) U™ (t) can
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be expressed as a power series in & (t) and p (¢) as long as
1(0) can be expressed as a power series in 2 and p; (iii) in
some cases, a chosen non-Hermitian invariant can act as
a solution generator, with which one can generate a com-
plete set of solutions of the time-dependent Schrodinger
equation (A3) from one solution of it; (iv) the concept
can be generalized so that a complete set of invariants
can be found and an invariant formulation set up for the
study of more-than-one-dimensional time-dependent sys-
tems (including infinite-dimensional quantum systems or
quantum fields [10,11,16]).

Now we begin to briefly review the invariant-related
unitary transformation method on the basis of the gener-
alized invariant theory. In some cases of physical interest,
it is possible to construct a time-dependent unitary trans-
formation V (t) for a chosen invariant I (¢) such that (i)

Io=V+ () I(t)V (t)is a time-independent operator with
An) = V7EH(E) Ay t),

the eigenvalue A, being the same as that in (A2), and (ii)
the Hamiltonian H (t) is changed into Hy (t):

(t
Vv (t)
ot

This unitary transformation is easily shown to guarantee
that the particular solution |\, ) ¢, of the time-dependent

Ho(t)=VT@®)H @)V (t) —ihV T (t) (A7)

Schrédinger equation [associated with Hy (t)],

a |>\7lat>5’0
ot

is different from the eigenfunction |\,) of Iy only by the
same phase factor explip, (t)] as that in (A4):

in = Ho (t) [ A, t) 50 » (A8)

[Anst) g0 = exp [ign (£)] [An) - (A9)
Substitution of |\,,t)g, in (A9) into (A8) yields

which means that Hy (t) differs from I only by a mul-
tiplying c-number factor, depending on the time ¢. Thus,
one is led to the conclusion that if the unitary transforma-
tion V (t), Iy, Hy, and the eigenfunction |\,) of Iy have
been found, the problem of solving the complicated time-
dependent Schrodinger equation (A3) reduces to that of
solving the much simplified equation (A8) since it can be
seen from (A9) that the solution of (A8) can be easily
obtained by the calculation of the phase from (A10).

Tt is worthwhile to emphasize that (i) the term “a cho-
sen Invariant” used above implies that the choice of the
invariant [ (t) is not unique, and it is usually appropriate
to choose I (t) = UI(0)U™, as the system is initially in
an eigenstate of an operator I (0) [I (0) may be H (t = 0)];
and (ii) one chosen invariant I (¢) leads to one definite
complete set of the solutions |A,,t) of (A3), regardless
of the fact that the unitary transformation V, which is
required to make VIV time-independent, is only deter-
mined up to a time-independent unitary transformation.
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Appendix B. The auxiliary equations

The auxiliary equations for 6,, and ¢, (m=1...6) in
Sect. 2 are as follows:

1
2 (0082 5 — sin? 93)
X [Asr sin (¢35 + da) + Azi cos (¢3 + P4)]
+ sin 263 sin 64 sin 6,4
X [Asrsin (@3 + @) — Azi cos (¢3 + Pa)]
— sin 265 sin 04 sin 64
X [Agrsin (g2 + @a) — Az; cos (P2 + ¢a)]
— sin 205 cos 01 cos 04
X [)\3T sin (¢1 + ¢2) + Ag; cos (¢1 + ¢2)]
+1 sin 205 cos 0y sin Oy sin (1 + P2 + Pq)
—+ )1 sin 263 sin 67 cos 64 sin ¢3
— M1 8in 205 cos 0 sin 04 sin (¢1 + ¢3 + ¢4)
— A1 sin 265 sin 0, cos 04 sin ¢o

iy

{sin 203 cos 0 cos b,

(B1)

0y = cos 04 5in 0 [As, sin (¢1 + d2) + As; cos (d1 + ¢2)]
— )1 cos 04 cos 01 sin ¢o (B2)
— cos 0 sin Oy [As, sin (P2 + d4) + Az; cos (P2 + ¢4)]
— A1 sin @y sin 0 sin (¢1 + ¢o + P4)

03 = cos 0 sin Oy [Asrsin (¢35 + Pa) — Agi cos (p3 + ¢4)]
+ A1 cos 64 cos 67 sin ¢3 (B3)
—cos By 8in 6y [Nz, sin (1 + @3) + Az; cos (41 + ¢3)]
+) sin 6y sin 6 sin (¢1 + @3 + ¢d4)

1
2 (Cos2 0y — sin? 93)
X [Agrsin (g2 + @a) — Az; cos (P2 + ¢a)]
+ sin 265 sin 6 sin 64
X [Agrsin (@1 + ¢2) + Az; cos (@1 + ¢2)]
— sin 203 sin 61 sin 6,4
X [Azpsin (@1 + @3) + Az; cos (41 + ¢3)]
— sin 205 cos 01 cos 04
x [Agy sin (@3 + da) — Ag; cos (@3 + d4)]
+ A1 sin 2605 cos 04 sin 61 sin (¢1 + P2 + @4)
+ A1 sin 203 sin 64 cos 01 sin ¢3
7/\1 sin 293 COS 94 sin 01 sin (d)l + gf)g + ¢4)
— M1 sin 265 sin 04 cos 01 sin ¢o

0, = {sin 2605 cos 0 cos 04

(B4)

05 = cos ¢ [X{(gd) (0, 1) + x& (p, t)}

—sings [ () + X .0)]  (BY)

0 = cos dg [Xéd) (p,t) + Xég) (p, t)}

— sin ¢g {xéd) (p,t) + x& (p, t)} (B6)



538 X.-C. Gao et al.: Quantum-invariant theory

csc 20,
2 (cos? 63 — sin? 03)
X [A3y cos (¢p3 + ¢a) — Asisin (¢3 + ¢4)]
+ sin 2603 sin 67 sin 04
X [Asr cos (¢3 + da) + As; sin (¢35 + ¢a)]
— sin 205 sin 61 sin 0,4
X [Azr cos (¢2 + da) + Azisin (g2 + ¢4)]  (BT7)
— sin 205 cos 01 cos 04
X [Azr cos (@1 + ¢2) — Azi sin (¢1 + ¢2)]
+\1 8in 205 cos 0 sin 04 cos (¢1 + P2 + Pa)
+ )1 sin 263 sin 67 cos 64 cos ¢3
— M1 8in 203 cos 01 sin 04 cos (¢1 + @3 + ¢4)
— M1 sin 265 sin 01 cos 04 cos ¢o

1=

{sin 2603 cos 0 cos 04

bo = 2[Ey (t) + E4 ()] — sin® 01 ¢y — sin® 0404
—2cot 205 cos 01 sin 64
X [Agr cos (@2 + da) + Azi sin (g2 + ¢4)]
+2 cot 2605 cos 0,4 sin 64
X [Azr cos (@1 + d2) — Azisin (¢1 + d2)]  (B8)
—2)\ cot 265 [cos 4 cos b1 cos ¢y
+sin 0y sin 6y cos (¢1 + P2 + Pq)]

b3 = —2[Ey (t) + Eq (t)] — sin® 011 — sin® 0404
+2 cot 203 cos 01 sin 0,
X [Azr cos (¢3 + Pa) + Az sin (¢3 + ¢4)]
—2 cot 205 cos 04 sin 01
x [Azr cos (@1 + ¢3) — Azisin (é1 + ¢3)]  (BY)
+2)\1 cot 203 [cos B4 cos 61 cos ¢3
+ sin 04 sin 0y cos (¢1 + ¢3 + ¢4)]

csc 20,
2 (Cos2 0y — sin? 03)
X [Azr cos (¢2 + ¢4) + Azisin (g2 + ¢4)]
+ sin 265 sin 67 sin 04
X [Asy cos (¢1 + d2) — Asisin (41 + ¢2)]
— sin 203 sin 61 sin 6,4

¢1=

{sin 2605 cos 0 cos 04

+2 cot 205 {cos d5 [ng) (p,t) + X(7g) (ps t)}

— sin s [ng> (0, t) + x (p, t)} }

06 = [xid) (p.t) + X (p, t)}
- [ 1 (0, t) + 17 (0, t)} (B12)
+2 cot 20 {cos b6 [xéd) (p, 1) + X (p, t)}

— sin ¢g [Xéd) (p,t) + Xég) (ps t)] }

where

1
ng) =5 cos 20, [Ey, + E4] — sin 0 cos 64 sin 20,

X [)\3r cos (¢1 + ¢2) — Ag; sin (¢1 + ¢2)] (B13)
+ sin 64 cos 64 sin 264

X [Azr €08 (@2 + ¢a) + Azi sin (¢2 + P4)]
+ )1 cos 67 cos 64 sin 205 cos ¢o
+A1 sin 6y sin 04 sin 265 cos (¢1 + P2 + @4)

ng) = —sin? 0 cos® 92¢31 + sin? 92<152
+ sin? 02 sin’ l944’4 (B14)

1
ng) = 5 cos 203 [Eb + Ed} + sin 04 cos 64 sin 2603

X [A3y cos (3 + ¢a) + Aszisin (¢3 + ¢4)] (B15)
— sin 01 cos 6,4 sin 2605

X [Azr cos (@1 + ¢3) — Azi sin (¢1 + ¢3)]

+ M1 cos 67 cos 64 sin 203 cos @3

+A1 sin 6y sin 04 sin 265 cos (¢1 + ¢d3 + @d4)

XS = —sin? 0; cos? O3y + sin? O3¢bs
+sin? 05 sin® 464 (B16)
A = (@ (B17)
MO (B18)
- 19
MO (B20)

X [Agr cos (@1 + ¢3) — Agisin (o1 + ¢3)]  (B10) Xéd) = sin 6; sin 05 sin O3 sin G4 [Nz, cos (P2 + Py — P1 — P3)

— sin 205 cos 01 cos 04

X [Asr cos (¢3 + da) + Azisin (¢3 + da)]

+ A1 sin 265 cos 04 sin 61 cos (@1 + P + d4)
+ A1 sin 203 sin 64 cos 01 cos ¢3

— M1 8in 203 cos 04 sin 01 cos (¢1 + @3 + ¢4)
— M1 sin 265 sin 04 cos 0 cos ¢o

ds = " 0.0 + X (0.1)]

-7 o)+ X (1) (B11)

+Azisin (2 + ¢4 — ¢p1 — ¢3)]

+)q sin 6, sin 03 [sin 0 cos 04 cos (¢1 — do + ¢3)

— 8in 04 cos 61 cos (2 — 3 + ¢4)]

+ sin 64 cos 05 cos 03 sin 0,

X [Asr cos (¢1 — da) — As;sin (¢1 — ¢a)] (B21)
~+ cos 0 sin 05 sin O3 cos 04

X [Azrcos (2 — @3) — Agisin (g2 — ¢3)]

“+A1 cos 03 cos O3 (sin 07 cos 04 cos ¢1

+ sin 64 cos 07 cos ¢y4)

+ A3, cos 81 cos O cos O3 cos b,
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XS = 6y sin (61 + ¢3) cos By sin 6

9

(9)

X6

d
O

X7

+é4 sin (¢2 + ¢4) sin 92 COS 93

—|—% [(ﬁl cos (¢1 + ¢3) cos s sin O3 sin 26,

+q54 cos (P2 + ¢4) cos O3 sin O sin 294}

= —sin 0y sin 05 sin 03 sin 04
X [Agr-sin (2 + ¢4 — d1 — ¢3)
—A3i €08 (2 + ds — 1 — ¢3)]
+)\1 sin 92 sin 93
X [sin @1 cos Oy sin (1 — ¢2 + ¢3)
+ sin 04 cos 0y sin (¢2 — P3 + d4)]
+ sin 6 cos 05 cos 03 sin 0,
X [Agrsin (@1 — ¢a) 4 Azicos (¢1 — d4)] (B23)
— c0s 01 sin 05 sin 03 cos 4
X [Agp sin (g2 — @3) + Agi cos (¢2 — ¢3)]
+A1 cos 05 cos O3

(B22)

X (sin @1 cos 04 cos ¢ + sin O4 cos 01 cos ¢4)

—A3; cos 61 cos 05 cos 03 cos O,

—6; cos (¢1 + ¢3) cos Bs sin O3
+6, cos (¢ + ¢4) sin Oy cos b5

1r.
+§ [¢1 sin (¢ + ¢3) cos s sin O3 sin 26

—¢4sin (¢2 + ¢4) cos 05 sin O sin 204}

= sin 6 sin 05 sin O3 sin 0,
X [Azr cos (¢1 + d2 — ¢3 — ¢a)
—Azisin (o1 + P2 — ¢3 — ¢4)]
+\1 sin 03 sin 03
X [sin 07 cos Oy cos (¢1 + P2 — d3)
— sin 04 cos 61 cos (2 — P3 — ¢P4)]
+ sin 01 cos 05 cos O3 sin 6,4
X [)\37« COS ((;51 — ¢4) — >\3i sin (¢1 — ¢4)] (B25)
~+ cos 6 sin 05 sin O3 cos 0
X [Azr cos (g2 — ¢3) + Azisin (¢2 — ¢3)]
+ A1 cos Oy cos O3

(B24)

X (sin @1 cos B4 cos ¢1 — sin b4 cos 01 cos ¢y4)

+ A3, cos 01 cos 05 cos 03 cos 04

(9) _ —6; sin (¢1 + @2) cos b3 sin b

—0, sin (¢3 + ¢4) sin 5 cos O

—% [(ﬁl cos (¢1 + ¢2) cos O3 sin 05 sin 261

+y cos (¢3 + ¢4) cos g sin O3 sin 294}

(B26)

Xéd) = —sin 04 sin 05 sin O3 sin 04
X [A3psin (o1 + 2 — d3 — ¢4)
—Agi cos (1 + ¢2 — 3 — Pa)]
— A1 sin 65 sin O3
X [sin @1 cos B4 sin (¢ + P2 — ¢P3)
—sin 04 cos 61 sin (o — d3 — @)
— sin 07 cos By cos O3 sin 0,
X [Aspsin (1 — Pa) + Agicos (¢1 — ¢4)] (B27)
— cos 07 sin 65 sin 63 cos 0,4
X [Azrsin (g2 — ¢3) — A3 cos (g2 — ¢3)]
— A1 cos B3 cos O3
X (sin 67 cos 04 cos ¢1 + sin b4 cos 07 cos ¢4)
+A3; cos 61 cos 05 cos O3 cos Oy

Xég) = —0, cos (¢1 + ¢2) cos O3 sin Oy
+04 cos (¢34 ¢4) sin O3 cos b (B28)

1r.
+§ @1 sin (P1 + P2) cos O3 sin O sin 26
7(;‘54 sin (¢3 + ¢4) cos B2 sin O3 sin 294}

with As., A3; being the real part and imaginary part of
A3, respectively.

The auxiliary equations for pu,, and v, (m =
1,2...,16) are

fi1 = —lyspsinvy — 44 cos vy
7)\1[1,13 sin (Ul + 1)13) (B29)
—H16 [)\37« sin (Ul —+ 1}16) —+ Agi COS (’Ul —+ ’016)]

1
0 = —Ep — —{l1srcOsv1 — 48007
1231
+)\1ILL13 cos (Ul + 1113) (B30)
+l16 [)\3»,« coS (1]1 + ’U16) — Ag; sin (’Ul + ’U16)]}

fo = —l_grsinwvg — l_g; cos v
— Ao fi15 sin (’UQ + 1]15) (B31)
— 11 [Agr sin (v + v11) + Ay cos (v2 + v11))]

1
g = —Ep — —{l_srcosvg — [_g;sinwvy
2
+Aap15 cos (va + v15) (B32)
+p11 [Aap cos (v2 +v11) — Aggsin (ve + v11)]}

ft3 = —A1p158in (U3 + ’U15) (B33)
—114 [A3psin (v3 4+ v14) + Ag; cos (v3 + v14)]

1
by = —Fp — - {A1 415 cos (vs + v1s5) (B34)
3

114 [Azr cos (v3 + v14) — Az;sin (vs + vig)]}
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/.1,4 = _)‘2/~L16 sin (U4 + 7}16) (B35)
— 113 [Aar sin (v4 4+ v13) + Agg cos (v4 + v13)]

) 1
Vg4 = 7Eb — m {)\2#16 (o)) (U4 + U16) (B36)

+113 [Aar €08 (V4 4 v13) — Ay sin (vg + v13)]}

f5 = —lygpsinvs — g cOS VS
— A1 g sin (vg + vs) (B37)
—H12 [)\4r sin ('U12 + 1}5) + )\41' COS (’012 —+ ’05)]

. 1 .
U5 = Bg — —{l4sr cosvs — I sinvs
M5

419 COS (’09 + 1}5) (B38)
+pt12 [Aar cos (V12 + v5) — Ag; sin (vi2 +vs)]}

g = —l_grsinwvg — l_g; cosvg
—>\2/1,10 sin (’UG + ’010) (B?)g)
_/~L11 [Agr sin (Ull —+ '1)6) —+ )\31' COS (’011 —+ ’UG)]

. 1 .
U = Bg — —{l_sr cosvg — l_g; sinvg
6

+ Ao t10 COS (1]10 + 1]6) (B40)
+p11 [Agr cos (v11 + v6) — Aggsin (vi1 + ve)]}

Lo = —A1pi1 sin (i1 + v7) — pio [Aar sin (v7 + vig)
+As3; cos (v7 + v19)] (B41)

_ 1
v7 = Eq — - {A1p11 cos (v7 + v11)
7

+p110 [Aar cos (v7 + v10)
—Ayg; Sin (U7 + UIO)]} (B42)

fig = —Aafi12 8in (vg + v12)
— g [Azp sin (vg 4 vg) + Ag; cos (vg + vg)] (B43)

. 1
vg = Ed — % {)\2#12 COS (1)12 + ’Ug)
+‘LL9 [/\37~ COSs (’Ug + Ug) — Agi sin (Ug + ’Ug)]} (B44)

fto = —A1p15 sin (vg 4 vs) — g [Asy sin (vg + vg)
+A3; cos (’U9 + Us)] (B45)

1
Vg = —E) — LT {A1p5 cos (vg + vs)
9

+ g [Agr cos (vg + vg) — Az, sin (vs + vg)]} (B46)

/:LlO = _>\2/146 sin (’010 + ’UG) — M7 [)\47« sin (1)10 + 1)7)
+Ay; cos (v1g + v7)] (B47)

. 1
010 = —Ep — — {Xapg cos (vip + vg)
H10

“+p7 [Agr cos (v1p + v7)
7)\414 sin (1}10 + 1)7)]} (B48)

fiir = —Ayprsin (v + v7) — e [z sin (v11 + ve)
+Asi cos (vi1 + ve)] (B49)

] 1
11 = —Ep — — {17 cos (v11 + v7)
H11

+le [)\Sr COS (U11 + UG)
—A3; sin (1}11 + U6)]} (B50)

fl12 = —Aopg sin (v12 + vsg) — f5 [Aar sin (vi2 + vs)
+Ay; cos (v12 + vs5)] (B51)

) 1
12 = — By — — {Aopus cos (v12 + vg)
H12

+p5 [Aar cos (v12 + vs)
—My; sin (vi2 + vs)]} (B52)

fuiz = —Aipg sin (vig + v1) — pa [Aar sin (v13 + va)
+ A4 cos (’013 + ’U4)} (B53)

. 1
vz =FE;— — {)\1/.L1 coSs (1113 + 01)
H13

+pta [Aar cos (vi3 + v4)

—Ay; sin (1}13 + 1]4)]} (B54)
fiia = —Aofia Sin (vig + v2) — p3 [Asy sin (vs + v14)
+As3; cos (v14 + v3)] (B55)

. 1
014 = Eq — — {Aapi2 cos (vi4 + v2)
H14

+113 [Nz cos (v3 + v14)
—Asz;sin (v3 + v14)]} (B56)

fuis = —A1p3 sin (vi5 + v3) — po [Aay sin (v15 + v2)
+Ay; cos (v15 + v2)] (B57)

. 1
U15 = Eq — — {Apg cos (vi5 + v3)
H15

+pg [Agr cos (v15 + v2)
_)\41' sin (’1)15 + ’UQ)]} (B58)
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fite = —Aaptg sin (vig + v4) — p1 [Azpsin (v1 + vig)
+A3i COSs (’Ul —+ 1)16)] (B59)

. 1
16 = Eq — — {Aapta cos (vig + v4)
Hi6

+p1 [Nz cos (v1 + vi6)
—A3; sin (Ul + 'UIG)]} (BGO)

where A3z, As;, A4, and Ay; are the real and imaginary
parts of Az, A4, respectively.
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